ABSTRACT The downlink training yields rather modest performance gains due to the high degree of channel hardening effect in co-located large-scale multi-input multi-output (MIMO) systems. However, in distributed large-scale MIMO systems, the potential benefits of the downlink training become larger, since there is a high probability that each user is very close to only a part of remote antenna units and is effectively served by them which results in less channel hardening effect. In this paper, we study the benefits of the beamforming training (BT) scheme (users estimate the channel state information by using the received training symbols, which are processed by linear beamforming in advance) in distributed large-scale MIMO systems. We derive accurate and tractable closed-form analytical expressions for the spectral efficiency (SE) of the BT scheme in distributed large-scale MIMO systems with maximum ratio transmission and zero-forcing (ZF) beamforming. Based on these expressions, we analyze the benefits of the BT scheme and investigate how the number of transmit antennas and the length of coherence interval affect the SE of the BT scheme in the co-located and distributed large-scale MIMO systems. The analytical results show that the BT scheme is more suitable for distributed large-scale MIMO systems with ZF beamforming, and a less number of transmit antennas and longer coherence interval can improve the performance gain of BT scheme.
I. INTRODUCTION
Large-scale multi-input multi-output (MIMO) systems, also called massive MIMO systems and large-scale antenna systems, has attracted considerable attention [1] - [5] since it was first proposed in [6] . It was shown that large-scale MIMO systems can provide considerable enhancement in spectral and energy efficiency over conventional MIMO systems on condition that a sufficiently large number of transmit antennas (hundreds or even thousands) are employed at each base station (BS) to serve a certain number of users (tens or even hundreds). The massive antenna arrays at BSs can be colocated or separately distributed in cells [4] , [5] . Distributed large-scale MIMO systems has the potential to provide a larger performance improvement than the co-located largescale MIMO systems due to the macro-diversity gain and the proximity gains [7] - [13] .
Channel hardening effect refers to a phenomenon where the channel gains of each user are very close to their means [14] . In co-located large-scale MIMO systems, there is a high level of channel hardening effect [15] , and hence using the statistical knowledge of the channel state information (CSI) (i.e., the means of channel gains) for downlink signal detection at user side works very well. Thus, most of the previous works on large-scale MIMO systems assumed that no downlink training is needed [16] - [21] . However, in distributed large-scale MIMO systems, multiple antennas of a BS are clustered at remote antenna units (RAUs) which are separately located in cells. It is very likely that each user is close to only a part of RAUs and is most efficiently served by them. Thus, the channel hardening effect is less pronounced [15] and the potential benefits of downlink training become larger in distributed large-scale MIMO systems, even if the total number of transmit antennas is large.
It is very inefficient if users estimate the CSI directly based on the received pilot symbols sent from BSs because of the very large training overhead which is proportional to the number of antennas at BSs. To reduce the training overhead, [22] proposed a beamforming training (BT) scheme in single-cell large-scale MIMO systems. Under the BT scheme, BSs send the training symbols which are processed by linear beamforming in advance to users, and then users estimate the effective scalar CSI (the inner products of beamforming and channel vectors) instead of the high-dimensional channel vectors. Thus, the BT scheme is feasible and more scalable in large-scale MIMO systems. [23] generalized the BT scheme into a multi-cell large-scale MIMO scenario with pilot contamination. [24] analyzed the achievable downlink rates performance of multi-cell large-scale MIMO systems with and without downlink pilots for MRT and ZF beamforming. Moreover, the effect of outdated CSI for large-scale MIMO systems with BT scheme was further investigated in [25] . It was found that when the pilot overhead is relative small (e.g., a small number of users and/or a large coherence interval), the large-scale MIMO systems with BT scheme may have advantage for small or moderate number of antennas at BSs. Contrast to [22] - [25] where co-located largescale MIMO systems were considered, [15] , [26] focus on the distributed systems. [15] analyzed the benefits of the BT scheme in a cell-free large-scale MIMO system. It was found that, co-located large-scale MIMO systems generally do not need downlink training because of the high level of channel hardening effect while BT scheme combined with a max-min fairness power control can substantially improve the performance of cell-free large-scale MIMO systems. However, only MRT beamforming was considered and the effect of pilot contamination was not included. Under the assumption of statistical and perfect effective CSI at users, [26] provided lower bound and upper bound on the spectral efficiency (SE) of the BT scheme and analyzed the benefits of the BT scheme by using these rate bounds in distributed large-scale MIMO systems. However, [26] did not provide the closedform expressions for the SE of the BT scheme. To the best of our knowledge, the closed-form expressions for the SE of the BT scheme in distributed large-scale MIMO systems with both MRT and ZF beamforming are not available in the literature.
Herein, we analyze the benefits of the BT scheme in distributed large-scale MIMO systems with MRT and ZF beamforming. Specially, our main contributions are:
• We investigate the BT scheme in multi-cell multi-user distributed large-scale MIMO systems with both MRT and ZF beamforming and derive the corresponding minimum mean-square error (MMSE) estimate of the effective CSI at user side.
• The closed-form expressions for the SE of the BT scheme are derived in distributed large-scale MIMO systems with MRT and ZF beamforming, where both the uplink and downlink pilot contamination are considered, thereby enabling the SE analysis of distributed largescale MIMO systems with BT scheme. Based on these derived expressions, the asymptotic performance of the BT scheme is also analyzed.
• Numerical simulations are performed to corroborate our theoretical analysis, and insightful conclusions are drawn from the comparison between the co-located and distributed large-scale MIMO systems with and without the BT scheme and the analysis of how the number of transmit antennas at BSs and the length of coherence interval affect the SE of the BT scheme with MRT and ZF beamforming. Organization: In Section II, we introduce the system model of the considered distributed large-scale MIMO systems, including the system configuration, channel model, uplink channel estimation and downlink signal model. Section III contains our main analytical work where we first give the MMSE estimates of the effective CSI at users, and then we provide the derivations of the ergodic achievable downlink rate and the asymptotic user rate limit after applying MRT and ZF beamforming. In Section IV, we collocate our theoretical analysis with numerical simulations. Section V provides the conclusions.
Notation: Lower (upper) boldface letters denotes vectors (matrices). I N means a size-N identity matrix. (·) T and (·) H stand for the transpose and Hermitian transpose of a vector or matrix, respectively. We use |·| to denote the absolute value and · to denote the spectral norm. The expectation, variance and covariance operators are denoted by E [·], Var [·] and Cov [·, ·], respectively. x ∼ CN (0, σ 2 ) denotes a circularly symmetric complex Gaussian random variable x with mean zero and variance σ 2 . We use (k, θ) to denote Gamma distribution with parameters k and θ , and use Nakagami(ν, ω) to denote Nakagami distribution with parameters ν and ω.
II. SYSTEM MODEL
The first part of this section describes the considered distributed large-scale MIMO systems and presents the channel model. The uplink channel estimation and the downlink signal model are described in the second and third parts of this section, respectively.
A. SYSTEM CONFIGURATION AND CHANNEL MODEL
Consider a distributed large-scale MIMO system with L adjacent cells which operates in time-division duplex (TDD) mode. Each cell consists of K single-antenna users which are served by M RAUs simultaneously. Each RAU is equipped with N antennas. We use g i,l,k to denote the channel vector from all of the RAUs in cell i to the user k in cell l, which can be modeled as
where h i,m,l,k ∼ CN (0, I N ) represents the small-scale fast fading between the RAU m in cell i and the user k in cell l, and λ i,m,l,k is the corresponding large-scale fading coefficient which includes the shadowing and geometric attenuation effect. Since Moreover, we adopt the BT scheme proposed in [22] to estimate the effective CSI at user side based on the received training symbols which are processed by linear beamforming in advance. This requires that the BSs know the knowledge of the CSI which can be obtained from uplink channel estimation.
B. UPLINK CHANNEL ESTIMATION WITH PILOT CONTAMINATION
Pilot contamination, i.e., the correlated interference from other users due to the reuse of the same pilot sequences, has been recognized as a fundamental bottleneck of large-scale MIMO systems. Considering pilot contamination, the MMSE estimate of (1) has been given in [20] bŷ
where
γ P,UL is the uplink training signal-to-noise ratio (SNR),
T denotes the equivalent Rayleigh fading part ofĝ i,l,k which has independent and identically distributed (i.i.d.) CN (0, 1) elements. Moreover, the estimation error is given bỹ
which is independent ofĝ i,l,k from the properties of MMSE estimate, and
As can be seen from (2) that, the equivalent Rayleigh fading partĥ i,k of the channel estimateĝ i,l,k is independent of the second subscript l ofĝ i,l,k . It suggests that the estimated channel vectorsĝ i,l,k andĝ i,j,k for j = l become correlated random vectors due to the pilot contamination effect [20] , [23] , which makes the derivations of the closedform analytical expressions for the SE of the BT scheme more challenging. Note that, here we only consider inter-cell pilot contamination since the length of the uplink training phase is equal to K .
C. DOWNLINK SIGNAL MODEL
The channel estimates obtained in Section II-B are used by RAUs to beamform the downlink signal for the users. The received signal at users in cell l can be written as
is the channel matrix between all the RAUs in cell i and the users in cell l,
∈ C K denotes the noise vector which has i.i.d. CN (0, 1/γ DL ) elements, and γ DL is the downlink SNR. For the user k in cell l, the received signal can be given by
is defined as the effective CSI. When with a high level of channel hardening effect, the effective CSI α i,l,k,j is very close to its mean, i.e., E[α i,l,k,j ]. Using E[α i,l,k,j ] for downlink signal detection at user side works very well. Thus, most works on large-scale MIMO systems assume that only the statistical knowledge of the effective CSI E[α i,l,k,j ] is available at users which provides the lower bound on the SE of the BT scheme [16] - [21] . Some other works assume that users know the perfect effective CSI α i,l,k,j which provides the upper bound on the SE of the BT scheme [27] - [32] . Rather than assuming statistical effective CSI or perfect effective CSI at users, i.e., analyzing the SE of the BT scheme based on the lower bound or upper bound, in the following section, we analyze the SE of the BT scheme with estimated effective CSI directly in distributed large-scale MIMO systems.
III. SPECTRAL EFFICIENCY OF THE BEAMFORMING TRAINING SCHEME
The first part of this section gives the downlink channel estimation with the BT scheme. In the second part of this section, we first provide the derivations of the ergodic achievable downlink rate of the BT scheme in distributed large-scale MIMO systems with MRT and ZF beamforming, and then based on the derived expressions we analyze the asymptotic performance of the BT scheme.
A. DOWNLINK CHANNEL ESTIMATION
In this paper, we adopt the BT scheme proposed in [22] , which is scalable in that the training overhead is proportional to the number of users K and is independent of the number of antennas MN at BSs. Under this scheme, all BSs broadcast the pilot symbols processed by beamforming vectors beforehand to users simultaneously, and each user estimates the effective CSI α i,l,k,j based on the received pilot symbols. The pilot symbols received by the users in cell l is given by
where ∈ C K ×τ d is the pilot matrix with pairwise orthogonal rows which is reused in all the cells, τ d ≥ K is the symbol length of the downlink pilot sequences, n l ∈ C K ×τ d is the noise matrix whose entries are i.i.d. CN (0, 1/γ P,DL ), and γ P,DL is the downlink training SNR.
After correlating the received pilot matrix with H , the user k in cell l estimates the effective CSI based on the following observatioñ
whereñ l,k is the k-th column of n l H which has i.i.d. CN (0, 1) elements. Then the MMSE estimate [33] of a i,l,k,j can be given bŷ
whereỹ l,k,j is the j-th element ofỹ l,k which is defined as
Due to the properties of MMSE estimate, we can decompose the effective CSI α i,l,k,j as
whereã i,l,k,j is the estimation error of α i,l,k,j which is independent ofα i,l,k,j . This paper restricts attention to MRT and ZF beamforming, and does not consider how to optimize the beamforming as in [34] and [35] . Under practical per user power normalization, they can be defined respectively as
As seen from (16) and (17), we consider per user power normalization for beamforming vectors. [17] - [21] assumed average power normalization (i.e., beamforming vectors are normalized by E[ ĝ l,l,k ] and E[ a l,l,k ], respectively) instead to give analytical tractability. In large-scale MIMO systems, the difference in performance between these two power normalization schemes is negligible. However, in distributed large-scale MIMO systems, the channel hardening effect is less pronounced and the difference becomes larger. Thus, per user power normalization considered in this paper is more practical [24] , [26] .
Substituting the definitions of MRT and ZF beamforming in (16) and (17) into the definition of the effective CSI α i,l,k,j in (10) yileds
Before we continue to calculate the estimates of the effective CSI with MRT and ZF beamforming in (18) and (19), we first present a useful Lemma which will be required in the following.
Lemma 1 ([26], Lemma3):
for ZF beamforming and s = MN for MRT beamforming when characterizing the useful signal power (e.g., |ĝ i,i,k w i,k | 2 ) and pilot contamination power (e.g., |ĝ i,j,k w i,k | 2 ) since the channel vectors and beamforming vectors are correlated, otherwise s = 1 for both MRT and ZF beamforming.
By applying Lemma 1, the distributions of the projection powers of the non-isotropic channel estimation vectorsĝ i,l,k and estimation error vectorsg i,l,k onto the s-dimensional beamforming subspace can be characterized and the corresponding parameters of the resulting Gamma distributions are given byk
respectively. Based on the above analysis, the estimates of α MRT i,l,k,j and α ZF i,l,k,j are given in the following propositions. Proposition 1: With MRT beamforming, the MMSE estimate of the effective CSI a MRT i,l,k,j at user side can be given by (26) at the top of the next page, where
Proof: See Appendix A. 
Proposition 2: With ZF beamforming, the MMSE estimate of the effective CSI a ZF i,l,k,j at user side can be given by (30) at the top of this page, where
Proof: See Appendix B.
B. SPECTRAL EFFICIENCY ANALYSIS
Given the estimatesα MRT i,l,k,j andα ZF i,l,k,j in Propositions 1 and 2, user k in cell l detects the received signal based on these estimates. Thus, the downlink signal (9) can be rewritten as
where the first term contains the desired signal, and the other three terms are the residual interference resulting from nonorthogonal channels, estimation error and receiver noise.
By evaluating the mutual information between the transmitted signal s l,k and the observation r l,k given the estimateŝ α i,l,k,j , i.e., I(s l,k ; r l,k ,α i,l,k,j ), and based on the techniques developed in [16] and [22] , we can obtain the ergodic achievable downlink rate for the user k in cell l given by (36) , shown at the top of this page. By using a analysis method similar to that in [26, Th. 3] , the analytical expression for (36) can be obtained by characterizing the distributions of desired signal and the residual interference terms and expressing the logarithmic term log 2 (1 + x) with a Meijer's G-function. However, since the involved Meijer's G-function is defined by the line integral in the complex plane [36] , the complexity of the obtained expressions is very high.
Based on [37, Lemma 4], we can obtain an approximation for the ergodic achievable downlink rate (36), given by (37) at the top of this page, which has been proved to be a very tight approximation [23] , [26] , [37] . Based on this approximation, we can take the expectation of each term in (37) directly to obtain analytical expressions. Thus, much simpler closedform analytical expressions can be obtained and the SE of the BT scheme can be analyzed more intuitively.
Given the ergodic achievable downlink rate R l,k in (37), the average SE of the BT scheme is defined as
where T is the length of the coherence interval in symbols, τ u and τ d are the number of symbols spent for uplink training and downlink beamforming training, respectively. The closed-form expressions for the approximation (37) are given in the following theorems in distributed large-scale MIMO systems for MRT and ZF beamforming. Theorem 1: Under the BT scheme, the closed-form approximate expression for (37) in distributed large-scale MIMO systems with MRT beamforming is given by
Proof: See Appendix C. Theorem 2: Under the BT scheme, the closed-form approximate expression for (37) in distributed large-scale MIMO systems with ZF beamforming is given by
where (44)- (46), as shown at the top of this page, and δ i,l = 1 when i = l and δ i,l = 0 otherwise.
Proof: See Appendix D. Based on the closed-form expressions derived in Theorem 1 and Theorem 2, in the following corollary, we give the asymptotic user rate limit when MN K → ∞, from which we can investigate the asymptotic performance of the BT scheme.
Corollary 1: For the ergodic achievable downlink rate given in (39) for MRT beamforming and in (43) for ZF beamforming, as MN K → ∞, we obtain the same asymptotic user rate limit which is given by
Proof: The proof for MRT beamforming is given as follows. From [16, Th. 4 
], we have lim
The proof for ZF beamforming is very similar and thus omitted here. This completes the proof.
Remark 2: With the BT scheme, the effective CSI at user side can be divided into three levels, namely statistical effective CSI (E[α i,l,k,j ]), estimated effective CSI (α i,l,k,j ) and perfect effective CSI (α i,l,k,j ) [38] . Statistical effective CSI and perfect effective CSI are two extreme cases of BT scheme and represent the lower bound and upper bound on performance. It has been proved in [26] that MRT and ZF beamforming achieve the same asymptotic user rate limit as in (47) with statistical and perfect effective CSI at user side. Combined with Corollary 1, we can draw the following conclusion: the gain of estimating effective CSI at user side diminishes as MN K → ∞ due to the high level of channel hardening effect [14] . Moreover, it should be noted that, more antennas are needed in distributed large-scale MIMO systems to achieve the same level of channel hardening effect as in co-located large-scale MIMO systems since it is very likely that each user is most effectively served by only a part of RAUs in distributed large-scale MIMO systems.
In summary of this section, after providing the MMSE estimator for the effective CSI α i,l,k,j at user side, we derive the closed-form analytical expressions for the SE of the BT scheme in distributed large-scale MIMO systems with both MRT and ZF beamforming. Based on these derived expressions, we also investigate the asymptotic performance of BT scheme.
IV. NUMERICAL RESULTS
Our analytic results obtained in section III are validated in this section by studying a hexagonal distributed large-scale MIMO systems with L = 7 cells. We assume that the RAUs and users are uniformly distributed, and set the cell radius to 1 km and the minimum distance between RAUs and users to 0.01 km. For the large-scale fading, we consider a standard distance-based model given by λ i,m,l,k cd −α i,m,l,k [18] , [21] , where d i,m,l,k represents the distance between the user k in VOLUME 6, 2018 cell l and the RAU m in cell i, path loss exponent α = 3.7, and c = 1 is the median of the mean path gain at d i,m,l,k = 1. In all examples, we take γ DL = 0 dB and γ P,UL = γ P,DL = K γ DL .
First, the accuracy of the closed-form analytical expressions derived in Theorems 1 and 2 for the ergodic achievable downlink rate of the BT scheme are verified. Fig. 1 depicts the average rate per user of distributed large-scale MIMO systems with BT scheme versus the total number of transmit antennas MN for L = 7 cells, M = 4 RAUs and K = 8 users. As can be seen in this figure, the derived closedform analytical expressions match well with the numerical results. Note that in co-located large-scale MIMO systems (M = 1 and all the antennas are collocated at the origin), our derived expressions and the numerical results are almost indistinguishable, which is omitted here since the co-located systems can be seen as a special case of the distributed systems. Consequently, based on these expressions, we analyze and compare the benefits of BT scheme in co-located and distributed large-scale MIMO systems for different system parameters in the following. Fig. 2 shows the effect of the total number of transmit antennas MN on the average SE of the BT scheme with MRT and ZF beamforming for L = 7 cells, K = 8 users, coherence interval T = 200 and τ u = τ d = K , M = 1 RAU for co-located large-scale MIMO systems and M = 5 RAUs for distributed large-scale MIMO systems. For comparison, the average SE with statistical effective CSI and perfect effective CSI at users are also plotted which have been derived in Theorems 1, 6 for MRT beamforming and Theorems 2, 7 for ZF beamforming of [26] . From Fig. 2 , we obtain the following findings. First, the benefits of BT scheme decrease as MN increases due to the channel hardening effect; Second, the performance of the system with the BT scheme (estimated effective CSI) is very close to that of the system with the perfect effective CSI for both MRT and ZF beamforming, which verifies the efficiency of the BT scheme; Third, when MRT beamforming is applied, it is not suggested to estimate the effective CSI at user side since the BT scheme can improve the average SE only when MN is relatively small (less than about 30) in distributed large-scale MIMO systems. This is because that the advantage of the system with statistical effective CSI comes from zero downlink pilot overhead. As MN increases, the rate R l,k excluding the pilot overhead of the system with statistical effective CSI approaches that of the system with the BT scheme, and the overhead cost of the BT scheme decreases its average spectral efficiency S. It means that for MRT beamforming, smaller number of users K (pilot overhead) and/or smaller number of transmit antennas MN are required for the system with the BT scheme to outperform the system with the statistical effective CSI. Forth, BT scheme is more preferable for distributed large-scale MIMO systems with ZF beamforming, which is because that the channel hardening effect in distributed large-scale MIMO systems isl less pronounced and ZF beamforming eliminates the intracell interference which is proportional to K . Fig. 3 shows the effect of the coherence interval T on the average SE of the BT scheme in co-located and distributed large-scale MIMO systems, for L = 7 cells, K = 8 users, τ u = τ d = K , MN = 80 and MN = 800 where M = 5 for distributed large-scale MIMO systems and M = 1 for co-located large-scale MIMO systems. From this figure, the following findings can be obtained. First, as expected, the increases in coherence interval T yields better SE because of the reduction of the pilot overhead; Second, we should not use the BT scheme to estimate the effective CSI in both distributed and co-located large-scale MIMO systems with MRT beamforming, since the performance gain of the BT scheme is very limited, if any, even for small number of transmit antennas MN (less effect of channel hardening) and long coherence interval T (less pilot overhead loss); Third, for the co-located large-scale MIMO systems with ZF beamforming, the BT scheme is efficient only when MN is small and T is relatively large; Forth, less transmit antennas and/or longer coherence interval are needed to outperform the systems with statistical effective CSI in co-located large-scale MIMO systems than that in distributed large-scale MIMO systems, which is consistent with the analysis in Remark 2.
V. CONCLUSIONS
In this paper, we have investigated the benefits of the BT scheme in distributed large-scale MIMO systems with both MRT and ZF beamforming. First, we studied the BT scheme in multi-cell multi-user distributed large-scale MIMO systems and developed a corresponding linear MMSE estimator for the effective CSI at users, where uplink and downlink pilot contamination were considered. Given the estimates of the effective CSI, we derived the closed-form analytical expressions for the SE of the BT scheme in distributed largescale MIMO systems with MRT and ZF beamforming, which proved to be tractable and accurate. Based on these derived expressions, we analyzed the benefits of the BT scheme by comparing the performance of the co-located and distributed large-scale MIMO systems with and without BT scheme. Moreover, we studied how the number of transmit antennas and the length of coherence interval affect the SE of the co-located and the distributed large-scale MIMO systems with MRT and ZF beamforming. Our investigation shows that the BT scheme is more preferable when the number of transmit antennas is small and/or the coherence interval is relatively large, especially for the distributed large-scale MIMO systems with ZF beamforming.
where (a) is because thatg i,l,k and w MRT i,j are independent. For j = k, we obtain E a MRT i,l,k,j = 0 because of the independence betweenĝ i,l,k and w MRT i,j . For j = k,ĝ i,l,k and w MRT i,k become correlated due to the effect of pilot contamination. From (2) and (16), we havê
which is a real scalar. Combined with ĝ
which is obtained from Lemma 1 and based on the relationship between the Nakagami and Gamma VOLUME 6, 2018
Due to the properties of Nakagami distributions, we obtain 
where ( 
where (a) is because thatg i,l,k is independent of w ZF i,j . For j = k, we obtain E a ZF i,l,k,j = 0 because of the independence betweenĝ i,l,k and w ZF i,j . For j = k,ĝ i,l,k and w ZF i,k become correlated due to the effect of pilot contamination. Different from the case with MRT beamforming where a MRT i,l,k,j is a real scalar, a ZF i,l,k,j is a complex scalar which makes the calculation of E a ZF i,l,k,j extremely difficult, if not impossible. It can be found that compared with the real part of a ZF i,l,k,j , the image part of a ZF i,l,k,j is negligible, especially when the number of the transmit antenna is large. Thus, we propose to approx-
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2 has been given in (C.1) for j = k and (C.2)
for j = k, respectively. In the following, we compute
2 .
• If j = k, we have
where (a) is because of the independence ofĝ i,l,k and g i,l,k , and (b) is obtained by applying Lemma 1 to
Substituting (C.1), (C.2) and (C.6) into (37) concludes the proof.
Similar to the analysis in proof of Theorem 1, we have 
